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Abstract

An alternative method to calculate a longitudinal echo in a continuous beam is suggested.
It is based on the analysis of the exact solution for the evolution of the longitudinal beam

distribution and can be used for analytic estimations of the effect.
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1 Introduction

The echo effect in plasma has been known for a long time [1]. This phenomenon should
exist in accelerator beams as well, [2], both in the transverse and longitudinal planes of
motion. The experimental observation of echo signals associated with two RF excitations of
the continuous beam were made in Fermilab, [3], with the hope of measuring in the future
diffusion rates or intensity effects in the machine. It was suggested that these experiments
be started at the CERN SPS as well, [4],[5]. The detailed analysis done in [4], both by an
analytical method and by numerical simulations, allows one to define the dependence of the
longitudinal echo signal on different parameters of the system.

In this note another method to calculate the longitudinal echo effect is suggested which
is based on the analysis of an exact solution describing the evolution of an arbitrary initial
distribution after two successive RF excitations. The work was initiated by discussions of

the proposal [5] with its authors and is an alternative approach to that given in [4].

2 Evolution of the distribution function

The longitudinal echo can be observed in the continuous beam at some well defined time and
frequency after two consequent RF kicks occurred with some time delay one after another
at different frequencies.

According to Liouville’s theorem phase space density doesn’t change along the particle
trajectories. Then if the initial coordinates of the particles can be expressed as functions
of the latest coordinates and time, we can describe the evolution of an arbitrary initial
distribution function. Below we shall show that, with some assumptions, in the case of a
longitudinal echo the evolution of the distribution function can be found in this way.

Let us consider the motion of the particles during the periods of time which are shown
schematically in Fig.1. There are two different types of motion which can be described by
two following systems of equations.

We assume that the time when the kick is applied is short enough that particles don’t

change significantly their azimuthal position. Then during the kick the equations of motion

are
6 = o (1)
. woevn .
P onE. sin(h,0). (2)

Here 6 is the azimuthal position of the particle in the coordinate system of the beam, p =
(E—E,)/E is the relative deviation in energy, wy is the revolution frequency, V,, is amplitude

and h,, is the harmonic number of the RF voltage during kick number n.
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Figure 1: Time scale in the longitudinal echo effect.

To describe the motion after the kick we have

é = k()p, (3)
p = 0, (4)
where
woen 1 1
kO = ﬁ’ /]7 = % — ?
Now let us introduce parameter

eV, wel, eV,
"= = l, 5
=B, or _ E, (5)

where T, is the length of the n-th RF kick in time and [, is the length in revolution periods.
Now for the particle with initial coordinates (fy, py) we can write solutions for each of

four regions shown in Fig.1 in the following form:

O0<t< T}
91 = 90, (6)
P11 = pPo-+ Ui sin (hIOO)a (7)
T <t< At
b2 = 61+ kopit, (8)
b2 = D, (9)
At <t < At+1T,
03 = 0o, (10)
ps = P2+ ugsin (hybs), (11)



t>At+ T,

0p = O3+ kops(t — At), (12)
Py = ps. (13)

Now initial coordinates (po,fy) can be expressed as functions of coordinates at any mo-
ment ¢. Just before the second kick at t = At they are

00 = 02 - k0p2At, (14)
po = p2— upsinfhy (0 — kopa At)]. (15)

In the same way for the coordinates of the particles after the second kick we have

O = 04— /fop4(t - At), (16)
P2 = Pg— U2 sin {h2[94 — k0p4(t — At)]} (].7)

Combining these last two solutions we can finally write for ¢ > At

00 = 0— kopt + ngoAt sin ¢2, (].8)
Po = p— upsin () + hiuskoAtsin @g) — ug sin ¢o, (19)

where we redefined the coordinates (pg4, 64) as (p, ) and introduced phases

¢ = hi(0 — kopt), (20)
o = h2[9 - kop(t - At)]- (21)

As a result the distribution function of the beam after the second kick can be found from

the initial distribution function Fy(p, 0):

F(p,0,t) = Fypo(p,0,t),00(p,0,1)]. (22)

Together with expressions (18) and (19) this is an exact solution describing the evolution of
an arbitrary initial distribution after two short RF excitations. In principle all information
about the echo effect can be obtained from an analysis of this solution. In the next section
we will consider examples for two given initial distribution functions.

Now let us recall the fact that this solution is valid only under the assumption, made at
the beginning, that there is negligible change in the position of the particles during the kick.
Below we will analyse this requirement in more detail.

Voltage applied to the beam during a kick creates potential wells. The depth of the

potential well in energy is
2(,050

hnko’

Py =
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where wyg is the frequency of linear synchrotron oscillations inside this bucket

2 _ hnkotn _ hnwgneVn
sn T, 2nE, (32

w

If the maximum energy deviation in the beam p;,,, is larger than the depth of the potential
well py, then the character of particle motion depends on the value of p. Particles with
p < pp are captured inside the potential well and others, with p > p,, move outside the
bucket. The first group of particles doesn’t change significantly their position during the
kick if the time length of the kick 7}, is much less than one quarter of the period of linear
synchrotron oscillations:

2

T, << —.

Wso

For particles outside the bucket the requirement is [4]

T, << —-.
" hnkopmam

3 Echo effect

3.1 Time and frequency of the echo signal

An echo has the nature of a resonance phenomenon. At some particular moment of time
after two consecutive RF excitations, the dependence on p in the distribution function for
some longitudinal harmonics disappears and a coherent signal can be observed. To see this
effect let us analyse first the solution (19) for py

Po=p—0p=p—0p1 — Ips, (23)

where we defined

d0p1 = wupsin (¢1 + xsin ¢2)7
0p2 = ugsin ¢y,

r = h1U2k0At.

The first term in this solution can be rewritten in the form

dp1 = wu[sin @y cos(z sin ¢y) + cos ¢y sin(z sin @) (24)
= wi{singi[Jo(z) + 2D Jor(x) cos 2ks] + 2 cos ¢ Y Jopr1(z) sin (2k + 1)¢a},
k=1 k=0

where Ji(x) is the Bessel function of order k.

In the expression (24) the dependence on p in the phases
¢1 — ko = (hy — kha)0 + koplkha(t — At) — hit) (25)
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will disappear respectively at the moments of time

khoAt

th = —"—
K khy — hy

(26)
where k£ = 1, 2... and the effect exists only for khy > h;. This means that at these particular
moments of time, after integration over p, the coherent signal at the harmonic (khy — hy)
can be restored. The shape of the echo signal in time is defined by the form of the initial
distribution function. Depending on the value of x, harmonics with different £ will be more
or less exposed. Below, as an example, we will consider the case £ = 1 with harmonic
(he — h1) = hs1. The contribution to this harmonic from (24) will be

dp1 = urJi(z) sin (g2 — ¢1), (27)

Note that usually the initial distribution function is a function of p3 = (p—dp; —dp2)?. Then
as follows from (23) the contribution to the echo effect at harmonic hy; will come also from

the term dp;dp,. Indeed using again the expansion (24) we get

20p10pe = uyug[Jo(z) — Jo(x)] cos (P2 — ¢1) + .. (28)

As can be seen from the following expression

2
(6p1)* = uisin®(¢y + v sin ¢p) = %{1 — cos[2(¢1 + zsin )]} (29)

the Fourier spectrum of this term doesn’t contain the harmonic hy; in which we are interested.

Note that at the same time resonance exists at harmonic 2hy;.

3.2 Shape of the echo signal

The amplitude of the echo signal at the current harmonic (h6) can be calculated accurately

for an arbitrary initial distribution function by integrating solution (22) over p and using its

expansion in the Fourier series. For a continuous beam the initial distribution function can

often be assumed to be only a function of energy deviation py, which simplifies calculations.
In the case when the initial distribution function Fy(py) can be expanded with respect

to 0p = dp1 + dpy in the convergent Taylor series

dF op)? d® Fy

dpo ! g) dp2° .

F(p,0,t) = Fy(p) — op (30)

one should get the same results as obtained in [4]. Inserting expressions (27) and (28) in this
series, for the part of the distribution function responsible for the echo effect at harmonics

he1 we have

dFy

2
3 (p,0,1) = —wnJy(x) - sin (62 — 1) + & Fy

dp?

UrUg
2

[Jo(2) = Ja(2)]—— - cos (d2 — ¢1) + ... (31)



Convergence of the Taylor series depends on the form of the initial distribution function.

For a Gaussian distribution )
Fo(po) =% eXP(—p—O) (32)

207
it converges if (u; + u2) << 0.
Let us estimate now the shape of the echo signal. According to (25) the phase difference
(¢2 — ¢1) can be presented as

¢2 — ¢1 = (ha — h1)0 — pr, (33)
where we introduced the parameter 7, proportional to the time interval from the time t*:
T = ko(hy — h1)(t — t).
If we assume that an initial distribution function is symmetric in energy

Fo(p) = Fo(—p),
then after integration over p in (31) the contribution to the echo signal from terms

dF
d—po -cos (pr) and

&2F,
dp?

- sin (p7)

is zero in the first approximation. Integrating (31) by parts we obtain for the amplitude of

the current harmonic hy; the following expression

T(t) ~ ewous {J1 () + %[Jo(x) _ Jz(x)]} . / " Fy(p) cos(pr)dp, (34)

—Pm

where p,,, is maximum value of p in the initial distribution. Here we assumed that (0p)ma: =
(u1 + u2) << Pm, Fo(pm) ~ 0 and also neglected small oscillating terms.

For a Gaussian distribution we can write finally the approximate formula which describes
the shape of the echo signal

7_2 0.2

[ola) = Ja(@))} 7 - expl—"2), (35)

TU9
2

ﬂ@:%m{m@+

where Jy = (Newyg)/(27) is average current.
In the general case the echo signal has an asymmetric double peak shape in time. The
two peaks become identical when J;(z) has a maxima. This was observed in [4]. This fact

can be explained by taking into account the relation
Jo(z) — Jo(z) = 2J](x).

As we can see the second term in (35), which produces the asymmetry, equal zero when the

first term has a maxima.



The distance between identical peaks is defined by the relation 7 = 2/0,, which corre-

sponds to the time interval
2

tig = ————. 36
12 O'pk()(hg — hl) ( )
The maximum amplitude of the echo signal at harmonic hy; is
u
Jmaw - %_ljl(xj)e_l/za (37)

Op

where z;, (j = 1,2...), is one of the values of the argument z at which the Bessel function
Ji(z) has a maxima. For this case the echo signal described by function
2
J(8) = Tmaz S - €xp (_§)a (38)
where s = 0,7 = 0,kohg1 (t — t*), is shown in Fig.2.
It is interesting to compare the echo shape for different initial distributions. Let us

consider a distribution function which belongs to the binomial family:

2 \"
Fo(p0)270'< ——20) » Po < Pm- (39)

Analytic estimations can easily be done for the case 4 = 1. For the analysis of the echo

effect we can use the exact solution
—51)?
Fp,0,t) = Fo- [1 - u] , (40)

with 0p(p, 6,t) defined by (23). Using expressions (27)-(28) and integrating (40) over p, we

obtain for the amplitude of the echo signal at harmonic ho;

70 =5 2 L) LI 4 ) - o] UL )
m Y 2pm y

where y = ppT = pmko(ha—h1)(t—1t*). To get this formula we assumed that (u;+us) << pp,.

For the distribution function (39) the echo signal is also symmetric only at its maximum

value, when the Bessel function J; (z) has a maxima. For this situation the shape of the echo

signal J(y) calculated using expression (41) is shown in Fig.3. For the maximum value of

the echo signal we can write

3
T %%Jl (z;) - 0.44. (42)

When Ji(z) = 0, the amplitude of the echo signal is close to a minima.
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Figure 2: Shape of the echo signal at harmonic hy; as a function of s = o,kghg (t — t*) for

the case of maximum amplitude (Gaussian distribution).



Figure 3: Shape of the echo signal at harmonic hy; as a function of y = p,,ko(he — hy)(t —t*)

calculated from (41) for the case of maximum amplitude (binomial distribution with p = 1).



