The motion of particles can be represented by Generating Functions

Each flow or transport map: Z(s)=M(s, Z,)
With a Jacobi Matrix : My=0, M oo M= (8
That is Symplectic: MJIJM' = J

Can be represented by a Generating Function:

F.(d,0,,5) with p=-0,F , Py= 0, F

—

F,(P.G,.s) with = 0,F, , By= 9,F,

—

F.(G, By.s) with p=-9,F, , G,=-0,F,

—_

F,(P.By.s) with = o,F, . G,=-0,F,

g
6-dimensional motion needs only one function ! But to

obtain the transport map this has to be inverted.
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Generating Functions produce symplectic tranport maps

Fl(q’qo’s) with ﬁ:_éqF1(qaq01S) , Po= équl(qqu’S)

—

q i) .
_ _| - (O,
(ﬁ] (—aqﬁ@,qo,s)) (:9)

i :[qoj: o \=§(Q s)
’ I_jo aq0 Fl (q’ qo’ S)) |

Jacobi matrix of concatenated functions:

6(70) = Ao é(zo)
Cj =0,C :ZﬁszBk (Zo)[azkAi(Z)L:g(zo) = Q:A(g)ﬁ
k

M

og=f = M(§)=FG™

(function concatenation)
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F:( 1 0 ) G:(o 1j _ Gl{—lzﬂllz22 szj
o |:11 _ I:12 |:21 |:22 1 0
B} ] ~F,'F Fr
M(g) _ FG 1 ZL _121 22 21 1)
|:11 |:21 Fzz _ F12 _ F11 F21

0 1
M( 1 O)MT — | The map from a generating function is symplectic.

F Fz_ll F |:2_11 F, —F, Flgl — Flgl F, -1 0
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£

(&) SP(2N) - F [for notes]

o
0.,

Symplectic tranport maps have a Generating Functions
Z=M(Z,)

) _ (M) _voy (Bo) [ Bo )iy e o
(qoj{ d, J_I(ZO)’ [ﬁ]_('\ﬁz(zo)]_h(z‘))_J[aFl(q’qo)]rao)

—

oF, =—Jhol *=F
For F, to exist it is necessary and sufficient that ¢ |:j — @j F = F= =
—dh=Fol = -Jh=F()I

Is J h I symmetric ? Yes since:

(00t YaM GiM,)
— -1 oA M, M, 1 0

_ M21 |V|22 0 1 _ Mzle_z1 MZl_MZZMl_ZlMll
0 -1 |\/|1_21 _M1_21M11 M]__Zl M1_21M11
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M,

M21 - M22M1_21M11
MMy,

gt [0 1

— -1 0
MlZMlTl IVI11M1T2
M21M2Tz = M22M2T1

M11M2T2 - M12M2T1 =1
M22M1Tl_ IV|21M1T2 =1

1 \T _
(Mzlezl) :[MzleTlMlzT - M21]M2Tz =

H

§

_ T _ _ _
- (M121M11) :[M121M11M1Tz]M12T:M121M11

17 M22M1_21M11 = le_ |\/|22|\/|11|\/|1_2T = I\/|1_2T —

A B
C D

|

M12
M22

Mllj{
M2

T
Mll

T
M12

T
I\/|21

T
M22

M

0 1
-1 0

!

D=D'

B=C'

M 22[M1_21M11M 2Tz -

A=AT
|

Mle] - M22M1_21
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Symplectic Representations

Hamiltonian ‘ ODE
Z'=JOH(Z,s) | Z’=F, FJ+JF' =0
Generating Functions Symplectic transport map
(P, By) =—J 9F,(d, 0y, 5) MIM'=J

[from notes]
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Advantages of Symplecticity

Determinant of the transfer matrix of linear motion is 1;:

7(s)=M(s)-Z, with det(M(s))=+1
One function suffices to compute the total nonlinear transfer map:
Fl(q’ o, s) with p= _éq Fl(q1 o> s) Py = éq0 Fl(q1 o> S)
& G A )
- (9 q P
Z=| _|=| 254 f(Q,s) )
\P] [—%Fl(q’qo’s)/ f(G(Z,,9),3)
(G g, fog™
- Jo o = g
y— _ =| - o = Q’S
’ \po) [aqul(q’qo’s)/ g( )

Therefore Taylor Expansion coefficients of the transport map are related.

«y

Zl N
I

J

Computer codes can numerically approximate M (3, 2’0) with exact

symplectic symmetry.

Liouville’s Theorem for phase space densities holds.
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For matrlces with real coefficients:
If there is an eigenvector and eigenvalue: MV. = A V.
then the complex conjugates are also eigenvector and eigenvalue: M_'i = /l, -

For symplectic matrices:
If there are eigenvectors and eigenvalues: MV, = AV. with J =M Tl M

then V' JV. =V/M'JIMV, =AAV V. = V JV,(44,-1)=0

Al =Y

Therefore JV is orthogonal to all eigenvectors with eigenvalues that are

not 1/ lj Slnce it cannot be orthogonal to all eigenvectors, there is at least

one eigenvector with elgenvalue]_/;Lj
Four dimensions:
A .ﬂ/

N

Two dimensions: 4; is eigenvalue
Then ]_/,1j and ,1’} are eigenvalues

* -
L=Ur=4 = |41 \

L=11=x

»
»

ol
’f;' — ’1}1 o’li
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dS eK‘ —K

Accumulated torsion angle T

48 =Kk€ +T'E,

ds “x

O:%(éb 'éx):e &+ T

K
dag =_T'@
d — T

'=(X'-yT')e_+(y+xT")€E, +(1+ X«x)E,
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r=x€ +ye€ +{1+xx, +Yx,)E
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EP=(p,— Py, )E +(p, -
:S-—1%~:S-—1lf’zméhli’
(x'\ [ pLSpX )
y' | - p,
p, | | F, + Dk,
\ply/ \mpysthers’(y)
=9 /(pc)® +(mc?)? & p

P, ) €, + (P + &, Py + 5, P, )&,

-1

hm
g Y

Ps

E =+/(pc)? + (mc?)?

tl
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6 Dimensional Phase Space

Using a reference momentum p, and a reference time t;:

Z=(x,a,Y,b,7,0)

P E-E
Beb=r, s=m = o=t —t) —(t —t)
Po Po E, v,
Usually p, is the design momentum of the beam
And t, is the time at which the bunch center is at “s”

a=

X' = ap K} X':aa K/ Po a'=—@x K/ Po
. KoEDe |
p, =—0, K y'=0,K/p,, b=—8yK/p0

-t'= 0K = 7'= £0,K/E,=09,K/p,
E'=-0.K = &§=-£0KE =-9,K/p,

New Hamiltonian:

I;T:K/po
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QN T < X

my h
Ps Po

hﬂb

pspO y

Po Po

Eops

F+pSK

LAY = +pSK'

&(M_ ﬂ

Ps

h ﬁlf

)

1 a-1 __ hm
t=5"= psy
E':pisﬁ.p
:E_EO, T (to—t)5
0 Po
h->>a
Ps
pshpo q(myE, + pyBS - psBy)+p_on
hﬂb
ps
e, 0(MYE, +2psB ~PB)EK,

h
EOps

q(prx + pyEy + psEs)
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The 0t Order Equation of Motion [for notes]

L IEQC ¢
CHESS &

One expands around the reference trajectory:
Condition: The reference or design trajectory can be the path of a particle.
The particle transport is then origin preserving.

Z'=F(Z,s) with F(0,s)=0 = M(0,s)=0
Ohorder:  E=E,+E, +...

9

Ky :p_ By, — oV Eow Note: d/Py  called magnetic rigidity
0 070 q/(p,V,) called electric rigidity
Ky — _i BxO _iEyO
Po PoVo

E., =0 (No acceleration on the design trajectory)

If the energy E changes on the reference trajectory then

6 = E-E, does not stay 0. One then works with p,, p,, and E rather than
with a, b, and 8.
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p, =+ P?— P2~ p2 = py[L+ f;25]+ 0O

V,=Yp, =% p, =V [l+ f;%0]+0% =

s p
. (O P _ (O P _
tstorder: X'=h-fa =a, y=h =D
r'=S —hi-= B (XK, + yK,)+% 46
Y Vovs 1 0 X y y Ze

1 h Ps
a _ Ps Po Q(myEX + py S B pSBy)—I_p_OKX

= —(X&, + yKy)Kx +pio % E,, +bB, - Byl) +§'BO_2[KX _70_1 0_2 ?ri:xzo]
b'=...
o' = Eths q(pXEX + pyEy + IOSES) = EAOQ(aExo +bEy0 + Esl)
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Simplified Equation of Motion

Only bend in the horizontal plane: K, = 0, K,=K= 1/,0

Only magnetic fields: E=0

a'=—Xxk*-—2L0,BXx+5p,°’k = X'=-x(k"+K)+5p, 'k
b'=--0,B,y = y'=ky

T =—Xfy K+ Byt

o' =0

Hamiltonian:

2 2 2 2 22 -2 —4 o2
H=5a"+3b"+Zk(X" =y ) +3x°X" = 5, /cx5+%% ) O

Mid-plane symmetry: B, (X, Y,s) =-B,(Xx,—y,s), B,(X,y,s)=B,(X,—Y,s)
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