Matrix Solutions

Linear equation of motion: Z'= F(S)Z

Matrix solution of the starting condition Z(0) = 70

? — Mbend ( I—4 )Mdriﬁ (LB)Mquad ( Lz )Mdriﬁ (Ll) 2.0
: ? — Mdrift (L3)Mquad (Lz)Mdriﬁ (I—1) 2.0
|

Z= Mdrift (L1) Zo Zo
Z= Mquad (I—z )Mdrift (L1) Zo
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—2<<1 —

0
Note that in nonlinear expansion X'# a
b so that the drift does not have a linear
b' 0 transport map even though X(S) = X, + X,S
g

- y% 0—45 is completely linear.

o) U0

(X) (%+58) (1 s \

a d 0 1 Q Q
+sb 1 s

= 4 U= 0 0 Zo

b b, 0 1

T [ 0 10

s) L s )\ oL
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X"'=-XKk’+0K

iz<<1 = y'=0

4 T =—XK

Homogeneous solution:

Xy V= —Xy K° = Xy = ACOS(K S) + Bsin(/c S) (natural ring focusing)

Variation of constants:
X = A(s)cos(x s)+ B(s)sin(x s)
X'=—Axsin(x s)+ Bx cos(xs)+ A'cos(x s) + B'sin(x s)

=0

X'"'=—x’X— A'xsin(x S) + B'x cos(x S) = —k X+ Ok

=0K

cos(xs) sin(xs){A)} [ O
[—sin(zcs) cos(/cs)j(B'j_ S B,
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1&))) The Dipole

A"\ (cos(xs) —sin(xs)) 0
(B'] - (sin(zc s)  cos(xs) j(§]

sin(x S) B,
T =—-XK
([ cos(ks)  Lsin(xs)
—xsSin(ks) cos(xS)
M = 0

.0 0

Kl(COS(K S)] + (AH ] with  x = Acos(x S) + Bsin(x s)

—sin(xs) x [cos(xs)—1]

0 x*[l-cos(xs)] )
0 Sin(xs)

0

1 & '[sin(xs)—sk]
0 1 )

0
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(J,
=| 0
L0

(J,
0
L0

0 0)
0 1
-1 0,

0 0)
0 1
-1 0,

It is sufficient to compute the 4D map M4 , the Dispersion D
and the time of flight term M
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M, —Jksin(/ks) cos(vk s)
— ) cosh(v/k s)
\ B Jk sinh(vk s)
As for a drift:
D=0 = T=0
M. =0

( cos(vk s) ﬁsin(ﬁ S)

For k<0 one has to take into account that

cos(\/K S) = cosh(\/? S), sin(\/E S) = isinh(\/?
cosh(\/i S) = cos(\/? S), sinh(\/E S) = isin(\/?

s)
s)

e

L sinh(Vk s)
cosh(+k's)
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X"'=—X(k°+K)+ 0K
K
y'=yk , 7'=—KxX — L M
(M, 0 0D) 0
M, = _Q M_y 0 I\/ISG:KK—R[sin(«/Ks)—x/Rs]
0 0o M,
M — ( cos(vK ) ﬁsin(x/i S)| Options:
7 |=JKsin(WKs)  cos(+/Ks) For k>0:
focusing in x, defocusing in y.
M _( cosh(+/k s) ﬁsinh(ﬁs) For k<0, K<O0:
Xy~ \\/Esinh(x/i S) COSh(\/E ) defocusing in x, focusing in y.
For k<0, K>O0:
5 %[1—COS(\/KS)] weak focusing in both planes.
ﬁsin(ﬁs)
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» »

Z2(s)=M(s)Z,=D(E)D ()M (s)D " ($)D(3)7,

Drift: M g (5) =D~ (3)D(s)D () =
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T

on o (1 %Y cos(ks)
Mquad,x (S) _(O 1 ]£_ \/ESin(\/ES)

) [; _3(—11@ i)[

L sin(+ks) [1
cos(vks) )\O

Weak magnet limit: \/ES <<1

-3
1

1 -3 (1 -5 1 3
0 1) (0 1 ) -ks 1+4%

- 1 0
M thin S) ~
_quad,x( ) (_ kS ]J
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The Thin Lens Dipole

[ cos(xs) +sin(x s) 0 0 x l-cos(xs)])
—Kksin(xs) cos(kxs) -0 sin(x S)
1l s
M = 0 0
—sin(x's) x ‘[cos(xs)—1] 0
0 0 ) 01 y
Weak magnet limit: kS <<1
(1 0 0 0
2
\p B -k 1 0 «s
s)=D M ~
bend XZ'( ) ( 2) bend, XT—( 2) XS O 1 O
. 0 00 1)
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M, = *

5_ ﬁ[l—cos(«/is)]
| =sin(WKs)

Weak magnet limit: xS <<1

( cos(vK s) ﬁsin(ﬁ s)] -

" (=VKsin(WKs)  cos(vK s) M
( cosh(vks) —Lsinh(vk s)j A i _
7 |Vksinh(vks)  cosh(vks) o

o
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tan(¢)

yo,
oY tan(e) =0, By‘yzo y tan(e)

Horizontal focusing with AX'= —X

B, =,B,

y"=%asBy‘yzo y tan(e)

tan(¢)
Ay'=|y"ds=2B ytan(e) =

y'=[y"ds=2B,ytan(z) = y ; ‘1 0 0 o

__ tan(e) 1 O 0
Quadrupole effect with 7 = d Z
0 0 1 0

kl = tan({;‘) O 0 tan(e) 1

o \ p Y
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The Rectangular Bend

\ /

! Together, the defocusing in the edge and the
\ natural circle focusing compensate in the

Horizontal and focus in the vertical.

thin o 1 0 1 0 1 0)
Mrbendx ~D 1..2 D 2 D 1,.2 D
’ ks 1) (—«x°s 1 sk°s 1

o 1 Oy 1 s 1 O ., 4 1 s)_
=D oy , L2 D™=D D™ =1
sk 1\-x"s 1) 5kx°s 1 0 1
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The Rectangular Bend

\ /
\\ Together, the defocusing in the edge and the
‘\ natural circle focusing compensate in the
D= D(|§) ‘\ Horizontal and focus in the vertical.

thin _1( 1 0) (1 0\ ( 1 0) ) (1 0)

Mrbend,x ~D 1.2 1 D 2 1 D 1.2 1 D™= 0 1
\ 2KS L) \=xs L) xS L) \ )
thin _1/ 1 0y ( 1 0)( 1 0., (1 0

Mrbend,y ~D 1,2 1 D 0 1 D 1,2 1 D" = 2 1
\T2KS 1)\ ) \"2KS 1) \TKS 1)
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M thin 1 O
Y2 sbend,xty ~ T K‘ZS 1

B 1 0 1 O
X" edge,xly — Kta.n( ) 1 ~ + xS 1

Together, the defocusing in the edge and the
natural circle focusing create focusing in the
\ horizontal. The edge focuses in the vertical.

\
M thin - 1 O /

—fbendxfy T | 42 1
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Cyclotrons with edge focusing

a)z — myy (E) Bz (r(E)) ;
Up to 600MeV but )
this vertically defocuses the beam. —

Edge focusing is therefore used.

The isocyclotron with constant f
g
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7 =L(s)Z + AI?(Z, S)  Field errors, nonlinear fields, etc can lead to A]?(Z', S)

Iy =Lz, = Z,(s)=M(s)Z,, with M (s)a=L(s)M(s)a

Z(s)=M()a(s) = Z(5)=M (5)a+M(s)ad (s)=L(s)Z+Af(Z,3)

QJl

() j M (AT (Z(5),8) d§

7(s)=M (s){i’o + [ M (B)AF (Z(5),5) d§}

O'——.U)
<

S
=7, (s)+ _‘-M(S —8)Af (Z(8),8) ds Perturbations are propagated
fromsto s’
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___ SPECIMEN
OBJECTIVE LENS

L T R T R
R . L
L N RN N R N N R N

'n--:n:z:ﬁ::--'~' TRAbSFER 3
AR iy LENSES  RNQ

S -

1. Hexapole -

M
(M T
BT ™S
.

W, (5)

TRANSFER
LENSES

CORRECTOR

W, (S) =W, () + A(DW; + 2B(S)W. W], +2 Hevapele

2B cancels C !

/ \ Aperture

Quadratic in Linear in

sextupole strength solenoid strength | _. _
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