Tune Shift with Amplitude

s J =cos@ +@)2JBA L | %¢=U_Sin@+¢)\/gAf2”

wP=0,H ., f5J="0H , H(@J,0)=vJ L [Af (& 5)d
0

CrlESS
L

The motion remains Hamiltonian in the perturbed coordinates !

If there is a part in aJH that does
not depend on @, S = Tune shift
The effect of other terms tends to average out.

() -, ~9-9,(H >¢,0(J )
v(J)=v+ 8J<AH>W(J)
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s 3)4) Tune Shift Examples

H(p,J)=v-J -+ fAf(x s)ydt , Av(J)=0,(AH)
Quadrupole: Af' = —Ak x
AH =L AkLx? =LAk JBsin’ (@ + )

@,0

2 L
J J
_ 1 I i — L
(AH) =5 {Ak/g’ dL-— {Ak/} ds—={Av=7; FAKB ds
Sextupole:| Af = -k, %xz
AH =Xk 3l = 23,1/2J sm W+ )
(AH) =0 = [Av=

Octupole: |Af = —k3§x

AH =5k § mx _L]%%(J/”)z sin” (7 +¢)

(AH) =55k Bds{ L (e - -"fﬂ)4>¢ =>‘Av = Jﬁ{@/ﬁds\
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(4 &@))) Nonlinear Resonances

%
&, &
DED A,o

4 J =cos(P +@)2IBAf L, Lo=v-sin@ + @) LA £
%¢=8JH ’ %J=_8¢H ’ H((pajaﬁ)=UJ—%fAf(£,S)d)%
0

The effect of the perturbation is especially strong when
cos(Y + @)y BAS or sIn( +@)\| BAf
has contributions that hardly change, i.e. the change of

A/ PAS (x(F),D) is in resonance with the rotation angle (D) .

Periodicity allows Fourier expansion:
H(p,J,9) = E H_(J)e"" o = E H_(J)cos(n®+mep+¥

H,(J)= <H(¢,J,S)>(p _=> Tune shift

m (S))
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X, cosu sinu\|{x,
x' | -sinu cosu x'

A . -1
u
X\ 3( l-cosu  sinu ) (0 ” . [—cos3) .,

= s X
AN 2 [)) ; 02 2sin iy /
X -smnu  l-cosu) (X 2| sin
s 4 /J)_%t u)
X, =—- an =
f kzls 2 A A A 1 AD ~y2 1 4 tan7 2
. . _% 2‘u >x—Xf +Ax Jf_E(xf +xf) 2/3)3 (kZZ COS%)
X'y=zrp *tan” 3

AX cosu sinu\|(Ax, 0
AR ) \=sinu cosu || AR | |2 BEAR? —4tan LAR,
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Ax ., _( cosu smpu Ax, 0
A - . A - kol 2
AX' —sinu cosu )|\ Ax' | | 3=pB* Ax —4tan < Ax,
AV _( cosu+dsinutans  sinu|( AX,
A - . o) - k 2
AX' —siny+4cosutans cosu |\ AX, 2 /J’ Ax
u - 2u coreees, U O 0525 '::
cos5 (1+2sm” = 04| IS S
1M =222 22 -
COS %5 ‘
0.2
The additional fixed point is unstable !
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Sextupole Aperture

If the chormaticity is corrected by a single sextupole?|

1
gx = ng + _ﬁxnkaI = O
4

sin&

tant | 2 2 _a|
Jf = -1 (k4ls i) 2/5 (é:oﬂ Coszzg) ’

0087

Often the dynamic aperture is much smaller
than the fixed point indicates !

v=0.3

-2.5 0 2.5 5 7.5 10

N
When many sextupoles are used: g()x + 4_/3x77xk21 ~ 0
JU

The sum of all k,? is then reduced to about E (k 1/5)2 N(k 1/3)2 =~ %(7”50)

The dynamic aperture is therefore greatly
increased when distributed sextupoles are used.
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Sextupole Extraction
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Due to the narrow region of unstable trajectories, sextupoles are used for slow
particle extraction at a tune of 1/3.

The intersection of stable and unstable manifolds is a certain indication of chaos.
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Homoclinic Points

At instable fixed points, there is a and an instabile invariant curve.

Intersections of these curves (homoclinic points) lead to chaos.
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Hyperion: rotation around the vertical

dz(ﬁ+ (P(f)) _ —O{(Lf sin 2%
dr’ r(t)

0 /4 /2 3n/4 T

On the path from Rotation to around the
Is a strong chaotic region.
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Tilt of the earth

X

Inclination

Tidal forces from moon
and sun cause a
stabilization of the rotation
axis.
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The Single Resonance Model

4 J = 2 mH _(J)sin(n®+mep+¥, (J))

%m =U+aJ anm(J)COS(nﬁ-I_qu-l_anm(J))

n,m=—00

Strong deviation from: J =J,, @ =vU0+@,
Occur when there is coherence between the
perturbation and the phase space rotation: #n + m%(p ~ ()

Resonance condition: tune is rational |n+m v =0

On resonance the integral would increases indefinitely !
Neglecting all but the most important term

H(p,J, ) =vJ+H,(J)+H, (J)cos(nd+mp+W¥ (J))
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o&/) Fixed points

4 J=mH,  (J)sin(nG+mep+¥, (J))
Lo=v+Av(J)+9,[H, (J)cos(nF+mp+W¥, (J))]
O =Lnd+mp+¥, (J)], d=v+2

4 J=mH, (J)sin(m®) , L ®=5+Av(J)+H, (J)cos(m®D)

H(p,J,M)=0J+H,(J)+H, (J)cos(m®d)

Fixed points: -4 J = mH, (J,)sin(m®,)=0 = @ = L
fo +Av(J,)=+ H,;m(Jf) = (0 has a solution.
4AJ = imanm(Jf)A(I) , LAD=[AV'(J,) iH,';m(Jf)]AJ

Stable fixed point for: ~ H__ (Jf)[H;;m (J;)xAvV'(J,)] <0
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\&g)y) Third Integer Resonances

Q 6
DED A,o

Sextupole: |Af = —k, L x

AH =L, Lx* =Lk, L 2JB sin*Gf + )
=Lk, \/m [sin(3[y) + @]) + 3sin(y + @)]
Simplification: one sextupole &, (1) = k,0 (%) = icos(m‘))
AH =Lk, 27208 mcos(—m9+3q0+317)—%)+...n_—oo for V=3
AH = 4, \/73 cos(3P)

=01l 2 «
(I)f _093'77:93'77;9 (I)f =%.7T,‘7T,%.77:

S= 4,2~ =0 for 6 >0

All these fixed points are instable since H, (Jf)H,:m (J,)>0
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1@} Fourth Integer Resonances

Octupole: Af = —k, 3,x , AH=Lk3%x4 =Lk3%J2[3’23in @ + @)
= Lk, 5T B [cos(4[Y + @]) — 4cos[Y + ¢]) + 3]
Simplification: one octupole  k; (1) = k,0 () = E cos(n)

n=—00

AH =~ A, J°[3+cos(4®)] for V=7

e, = 0,37,37, ... Either 8 fixed points: d <0
0+ A4,2J(3+x1)=0 ornone for: 5>0

Hnm(Jf)[H;:m(']f)iAU'(']f)] <0

Stability for (24,J)*[1+3]<0,

i.e. for the 4 outer fixed points.
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Resonance Width (Strength)

Fixed points: %J=mHnm(Jf)sin(m(I)f)=O = (I)f=—

If 6 +Av(J ) iH;m(Jf)= 0 has a solution.

5 has to avoid the region & + Av(J) = H,_ (J)=0 for all particles.

+H,,(J)

Av(J) Spread in the beam
o)

»
>

Assuming that the tune shift and perturbation are monotonous in J:

This tune region has the width An =2 | Hnm( maX)| for strong resonances.

Anm |s called Resonance Width, Resonance Strength, or Stop-Band Width
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b, = =37, 7,37 Either 8 fixed points: 0 < 0
for 0 <0 or none for: o>0

How can the motion inside the fixed points be

simplified for a real accelerator ?

- Normal From Theory
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